Nilpotent covers and non-nilpotent subsets of finite groups of Lie type by Azad, Azizollah et al.
ar
X
iv
:1
30
5.
37
48
v3
  [
ma
th.
GR
]  
8 A
ug
 20
14
NILPOTENT COVERS AND NON-NILPOTENT SUBSETS OF
FINITE GROUPS OF LIE TYPE
AZIZOLLAH AZAD, JOHN R. BRITNELL, AND NICK GILL
Abstract. Let G be a finite group and c an element of Z+ ∪ {∞}. A sub-
group H of G is said to be c-nilpotent if it is nilpotent and has nilpotency class
at most c. A subset X of G is said to be non-c-nilpotent if it contains no two
elements x and y such that the subgroup 〈x, y〉 is c-nilpotent. In this paper we
study the quantity ωc(G), defined to be the size of the largest non-c-nilpotent
subset of L.
In the case that L is a finite group of Lie type, we identify covers of L by c-
nilpotent subgroups, and we use these covers to construct large non-c-nilpotent
sets in L. We prove that for groups L of fixed rank r, there exist constants Dr
and Er such that DrN ≤ ω∞(L) ≤ ErN , where N is the number of maximal
tori in L.
In the case of groups L with twisted rank 1, we provide exact formulae
for ωc(L) for all c ∈ Z+ ∪ {∞}. If we write q for the level of the Frobenius
endomorphism associated with L and assume that q > 5, then ω∞(L) may be
expressed as a polynomial in q with coefficients in {0, 1}.
1. Introduction and results
Let G be a group and c an element of Z+ ∪ {∞}. For c ∈ Z+, we define G to be
c-nilpotent if G is nilpotent of class at most c. We define G to be ∞-nilpotent if G
is nilpotent.
1.1. Non-c-nilpotent subsets. A subset X of G is said to be non-c-nilpotent
if, for any two distinct elements x and y in X , the subgroup 〈x, y〉 of G which
they generate is not c-nilpotent. The subset X is said to be non-nilpotent if it is
non-∞-nilpotent.
Define ωc(G) to be the maximum order of a non-c-nilpotent subset of G. It is a
trivial observation that for any group G, we have
ω1(G) ≥ ω2(G) ≥ · · · ≥ ω∞(G).
Furthermore, if the class of a nilpotent subgroup of G is bounded above by an
integer d, then clearly
ωd(G) = ωd+1(G) = · · · = ω∞(G).
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Certainly such a bound exists whenever G is finite. Furthermore if G is a nilpotent
group of class d, then ωc(G) = 1 for c ≥ d, and for c =∞.
Our main interest in this paper will be the quantity ω∞(G), where G is a finite
group of Lie type. However we shall also consider ωc(G) for various finite values
of c. In particular the case when c = 1 is of interest, since ω1(G) is the maximum
order of a non-commuting subset (i.e. a subset X of G such that [x, y] 6= 1 for
all x, y ∈ X).
1.2. Nilpotent covers. There is a close connection between the non-c-nilpotent
subsets of maximum order in a group G, and c-nilpotent covers of G. Let N be
a family of c-nilpotent subgroups of G. We shall be interested in two possible
properties of N :
• Covering: If for every g ∈ G there exists X ∈ N such that g ∈ X , then
we say that N is a c-nilpotent cover of G, or that N covers G. If c =∞,
we say that N is a nilpotent cover of G.
• 2-minimality: If for every subgroup Xi ∈ N there is an element gi (called
a distinguished element) such that i 6= j implies that 〈gi, gj〉 is not c-nilpotent,
then we say that N is 2-minimal.
We remark that every group admits a c-nilpotent cover for all c ∈ Z+ ∪ {∞},
since the family consisting of all cyclic subgroups is one such. But not every
group admits a 2-minimal c-nilpotent cover: examples are the symmetric groups Sn
for n ≥ 15 in the case c = 1 ([13, 14]).
Suppose that N is a 2-minimal c-nilpotent cover, and that X1, X2 ∈ N con-
tain distinguished elements g1 and g2 respectively. We note that if X2 6= X1,
then g1 /∈ X2 (otherwise the subgroup 〈g1, g2〉 would be a subgroup of X2, and
hence c-nilpotent; this contradicts the condition for 2-minimality). It follows that
the removal from N of any one of its members results in a family which is not a
cover of G (since the distinguished element of the removed member is not in any
other member). Hence a 2-minimal c-nilpotent cover of G is, in particular, a mini-
mal c-nilpotent cover. The converse is false, however: it is not necessarily true that
a minimal c-nilpotent cover of G is 2-minimal. This is clear from the fact that there
exist finite groups with no 2-minimal c-nilpotent covers.
The significance of these properties to the calculation of ωc(G), and in particular
the value of finding a 2-minimal cover of G, is shown by the following proposition.
Proposition 1.1. Let N be a family of c-nilpotent subgroups of G.
(1) If N covers G, then |N | ≥ ωc(G).
(2) If N is 2-minimal, then |N | ≤ ωc(G).
(3) If N is a 2-minimal cover of G, then |N | = ωc(G).
Proof. For the first part, suppose X is a set of size greater than |N |. If N covers G,
then there exist two elements of X lying in one member of N , and so X cannot
be non-c-nilpotent. The second part is obvious, since the distinguished elements of
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a 2-minimal family form a non-c-nilpotent set. The third part of the proposition
follows immediately from the other two. 
Lemmas 3.1 and 3.2 below provide useful generalizations of the inequalities in
the first two parts of Proposition 1.1.
1.3. Results and structure. The paper is structured as follows. In Section 2 we
give some background results on linear algebraic groups. In Section 3 we set out the
group-theoretic notation we will use throughout the paper, and we prove a number
of basic lemmas pertaining to non-c-nilpotent groups.
In Section 4 we consider the case that where L = GF , where G is a simple linear
algebraic group of rank r, and F is a Frobenius endomorphism of G. Theorem 4.3
offers a general method for producing lower bounds for ω∞(L), by counting the
Sylow subgroups of G for certain prime divisors of |G|. In the course of proving
this theorem, we provide in Lemma 4.1 a generalization and strengthening of the
main result of [3].
In Section 4 we also prove the following theorem, which is the main result of this
paper.
Theorem 1.2. For every r > 0, there exist constants Dr, Er > 0 such that for any
simple linear algebraic group G of rank r, and for any Frobenius endomorphism F
of G, we have
DrN(G
F ) ≤ ω∞(GF ) ≤ ErN(GF ),
where N(GF ) is the number of F -stable maximal tori in G.
The number N(GF ) is given by a result of Steinberg (Proposition 2.5 below) as
q|Φ|, where q is the level of the Frobenius enomorphism F , and Φ is a root system
for G. In fact it would be possible, in the statement of Theorem 1.2, to take N(GF )
instead to be the number of maximal tori in GF itself; this point is discussed in the
proof of Proposition 4.7 below.
It seems reasonable to conjecture that an upper bound of the same form exists
not just for ω∞(G
F ) but for ω1(G
F ), and more speculatively, that the dependence
on rank can be removed. We may formulate the following conjecture.
Conjecture 1.3. There exist absolute constantsD,E > 0 such that, for any simple
linear algebraic group G and any Frobenius endomorphism F of G, we have
DN(GF ) ≤ ω∞(GF ) ≤ · · · ≤ ω1(G) ≤ EN(GF ),
where N(GF ) is the number of F -stable maximal tori in G.
Theorem 1.2 confirms the existence of a rank-dependent constant D. In partic-
ular the existence of a constant D is confirmed for groups of bounded rank, which
includes all the exceptional groups. The existence of a non-rank-dependent con-
stant E for the groups PGLn(q) follows from the main result of [4]; and we note
that the full conjecture is also confirmed in the case of groups of twisted rank 1 by
the results of Section 5 of this paper.
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In Section 5 we assume that GF is a finite group of Lie type where G is sim-
ple and the twisted rank of GF is 1. We prove that, for all c ∈ Z+ ∪ {∞}, the
group GF admits a 2-minimal c-nilpotent cover. Furthermore we construct explicit
examples of such covers and we calculate their order, thereby producing exact for-
mulae for ωc(G
F ) in each case.
The nature of these formulae is somewhat remarkable, and we discuss some of
their characteristics in Section 6. We suggest a number of questions and conjectures
arising from these observations, and from other results in the paper.
1.4. Background results. The value of ω∞(G) has been studied for various groups;
it has usually been denoted ω(NG). Endimioni has proved that if a finite group G
satisfies ω∞(G) ≤ 3, then G is nilpotent, while if ω∞(G) ≤ 20, then G is solvable;
furthermore these bounds cannot be improved [20]. Tomkinson has shown that if G
is a finitely generated solvable group such that ω∞(G) = n, then |G/Z∗(G)| ≤ nn4 ,
where Z∗(G) is the hypercentre of G ([34]). Also, for a finite non-solvable group G,
it has been proved by the first author and Hassanabadi that G satisfies the condition
ω∞(G) = 21 if and only if G/Z
∗(G) ∼= A5 (see [2, Theorem 1.2]).
In addition to the results in [2], the computation of ω∞(G) for particular classes
of groups G has recently started to garner attention. In particular, the first au-
thor has given lower bounds for ω∞(G) ([3]) when G = GLn(q). In a forthcoming
paper by the second and third authors, a nilpotent cover of GLn(q) is constructed
which is 2-minimal when q > n; this construction will establish the exact value
of ω∞(GLn(q)) for almost all values of n and q (see [12]), and an upper bound in
the remaining cases.
The particular statistic ω1(G) has attracted considerable recent attention, and
been calculated for various groups G; much of this work has concentrated on the
case of almost simple groups G ([1, 4, 5, 13, 14]).
The study of non-commuting sets in a group G, including the study of ω1(G),
goes back many years. In 1976, B.H. Neumann famously answered the following
question of Erdo˝s from a few years earlier: if all non-commuting sets in a group G
are finite, does there exist an upper bound n = n(G) for the size of a non-commuting
set in G (i.e. is ω1(G) finite)? Neumann answered this question affirmatively by
showing that if all non-commuting sets in a group G are finite, then |G : Z(G)| is
finite [28]. Pyber subsequently gave a strong upper bound for |G : Z(G)|, subject
to the same condition on G ([29]).
Related to this area of study is the problem of calculating, for a finite 2-generator
group G, the size µ(G) of the largest subset X ⊆ G such that any pair of elements
of X generate G. Such sets are closely related to covers of G by proper subgroups
(in just the same way that we have seen that non-c-nilpotent sets are related to
c-nilpotent covers). The statistic µ(G) has been studied for the symmetric and
alternating groups in [9], and for the groups GLn(q) and SLn(q) in [11].
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1.5. Connections to perfect graphs. We note a connection with a generalization
of the commuting graph of a finite group G. The commuting graph of G is the
graph Γ1(G) whose vertices are the elements of G, with an edge joining vertices
x and y if and only if x and ycommute in G. (An alternative definition excludes
central elements of G; the distinction is unimportant here.) There is an obvious
correspondence between the maximal abelian subgroups of G, and the maximal
cliques in the commuting graph Γ1(G). From this fact it follows that the minimal
size of a covering of G by abelian subgroups is equal to the clique cover number of
Γ1(G), i.e. the minimal number of cliques required to cover its vertices.
Suppose that G has a 2-minimal abelian cover. Then the set of distinguished
elements form an independent set in Γ1(G), and it follows that the clique cover
number and the independence number (being the maximal size of an independent
set of vertices) are the same for Γ1(G). (It is obvious that the clique cover number
is at least as big as the independence number.)
A graph is perfect if the clique cover number and the independence number
coincide for every induced subgraph. It appears that it is not known which finite
groups have perfect commuting graphs.1
There is an obvious generalization of Γ1(G) as follows: for c ∈ Z+ ∪ {∞} define
Γc(G) to be the graph whose vertices are the elements of G, with an edge joining
vertices x and y if and only if the subgroup 〈x, y〉 is c-nilpotent. We can general-
ize the earlier observation connecting abelian covers to properties of Γ1(G) in the
following way.
Proposition 1.4. A finite group G has a 2-minimal c-nilpotent cover N if and
only if the clique cover number and the independence number of Γc(G) coincide.
Proof. Suppose that G has a 2-minimal c-nilpotent cover N . It is clear that the
clique cover number can be no larger than |N |. The first implication therefore
follows from the observation that the set of distinguished elements in members of
N forms an independent set of size |N |.
Conversely suppose that N is a c-nilpotent cover. If I is an independent set of
cardinality N , then each element of N must contain a unique element of I, and so
N is 2-minimal. 
Note that Proposition 1.4 implies that a necessary condition for Γc(G) to be
perfect is that G admits a 2-minimal c-nilpotent cover.
We remark that, when c > 1, it is not necessarily true that the maximal cliques
in the resulting graph Γc(G) correspond to maximal c-nilpotent subgroups of G; for
instance, there exist two 3-nilpotent groups of order 64 for which the graph Γ2(G)
has maximal cliques of size 40. Thus the proof of Proposition 1.4 yields some extra
information: we can conclude that if G has a 2-minimal c-nilpotent cover N , then
1Peter Cameron has recently discussed this problem on his blog, at
http://cameroncounts.wordpress.com/2011/02/01/perfectness-of-commuting-graphs/.
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Γc(G) admits a minimal covering by (not necessarily maximal) cliques such that
each clique corresponds to a maximal c-nilpotent subgroup of G.
In a different direction, one might define the graph Γc(G) to be predictable if
all maximal cliques in Γc(G) correspond to maximal c-nilpotent subgroups of G.
One can then ask for which groups G, and which values of c, is the graph Γc(G)
predictable. In particular is it true that if G is a simple group, then Γc(G) will be
predictable for all c ∈ Z+ ∪ {∞}?
2. Background on linear algebraic groups
The material in this section is drawn primarily from [16]. Throughout the sec-
tion, G is a connected reductive linear algebraic group over an algebraically closed
field K of characteristic p > 0.
Since G is a linear algebraic group, we can write G ≤ GLn(K) for some integer n.
An element g ∈ G is then said to be semisimple if g is diagonalizable in GLn(K), and
it is said to be unipotent if its only eigenvalue is 1. It is a fact that the condition
for g to be semisimple (respectively unipotent) is independent of the embedding
of G into GLn(K), and so we can say that g is semisimple (respectively unipotent)
element without reference to any particular embedding.
A unipotent subgroup of G is a closed subgroup, all of whose elements are unipo-
tent. A Borel subgroup of G is a maximal connected closed solvable subgroup of G.
Borel subgroups always exist, and all Borel subgroups of G are conjugate [16, p. 16].
We can write B = UT , where U is the unipotent radical of B (i.e. the maximal con-
nected normal unipotent subgroup of B) and T is a maximal torus of B (and hence
of G). Note that the union of all Borel subgroups of G is the whole of G, and in
particular, any semisimple element of G lies in a maximal torus of G.
The rank of G, written rank(G), is defined to be the dimension of a maximal
torus in G. We write W for the Weyl group of G and recall that if T is a maximal
torus of G, then NG(T )/T ∼=W .
2.1. Regular elements and centralizers. Any unattributed statements in this
section can be found in [16, Section 1.14]. We note first that dimCG(g) ≥ rank(G)
for all g ∈ G, where CG(g) denotes the centralizer of g in G. An element g of G is
said to be regular if dimCG(g) = rank(G). If g is regular in G, then CG(g)
0, the
connected component of CG(g), is commutative.
The key facts for our purposes concerning regular semisimple elements are given
by the following result from [31].
Proposition 2.1. Let G be a semisimple group and let s ∈ G be semisimple. Then
the following conditions are equivalent.
(1) s is regular.
(2) CG(s)
0 is a maximal torus in G.
(3) s is contained in a unique maximal torus in G.
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Every connected reductive group G contains regular unipotent elements and any
two are conjugate in G. Let u ∈ G be regular and unipotent; then every semisimple
element in CG(u) lies in Z(G), the centre of G [16, Proposition 5.1.5]. The following
result will be useful [16, Proposition 5.1.3].
Proposition 2.2. Let G be a connected reductive group and let u ∈ G be unipotent.
Then the following conditions on u are equivalent.
(1) u is regular.
(2) u lies in a unique Borel subgroup of G.
The final proposition of this section follows from [22, Theorem 1.12.5].
Proposition 2.3. Let G be a simple algebraic group, and let W be the Weyl group
of G. If t is a prime divisor of |Z(G)|, then t divides |W |.
2.2. Groups of Lie type. A Frobenius endomorphism of a reductive linear alge-
braic group G is an algebraic endomorphism F of G with the property that there
is an algebraic group embedding of G into GLn(K), for an algebraically closed field
K and n ∈ N, and a power of F , say Fm, that is equal to the map on G induced by
a Galois automorphism of the field K. Let q0 be the size of the fixed field of F
m.
Then the level of F is defined to be q
1/m
0 (see [22, Definition 2.1.9]).
In what follows, we shall usually adopt the convention that q is the level of
the Frobenius map F . When dealing with the Ree groups 2B2(q) and
2G2(q) in
Section 5, however, it will be convenient to take q to be the square of the level of
F (which is q0 in the notation above).
A Frobenius endomorphism is always an automorphism of G, considered as an
abstract group, though the inverse map need not be algebraic. We write GF for
the fixed points of G under F . A finite group of Lie type is a group of the form GF
where G is and F is a Frobenius endomorphism of G. We define the rank of GF to
equal the rank of G.
The simple groups of Lie type are defined in [22, Definition 2.2.8]; they are
subgroups of GF , where G is a simple linear algebraic group and F is a Frobenius
endomorphism. A consequence of this terminology is that a simple group of Lie
type is not necessarily a finite group of Lie type. For the purposes of studying
non-nilpotent sets, however, the next result renders the distinction irrelevant (see
the discussion following Lemma 3.6).
Lemma 2.4. Let L be a simple group of Lie type. Then L ∼= GF /Z(GF ) for some
simple linear algebraic group G and Frobenius endomorphism F .
Proof. This follows from [22, Theorem 2.2.6 (f)] and [22, Definition 2.5.10]. 
If F is a Frobenius endomorphism of the group G, and if H is a closed subgroup
of G, then we write HF for the set of points of H fixed by F .
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2.3. Borel subgroups and tori in GF . We have already mentioned Borel sub-
groups and tori in the group G. We extend this notion to the group GF as in [16,
Section 1.18]. Note first that a subgroup H of G which satisfies F (H) = H is said
to be F -stable.
A Borel subgroup of GF is a subgroup of the form BF , where B is an F -stable
Borel subgroup of G. Any two Borel subgroups of GF are conjugate in GF ; what is
more, if we write B = UT as above, then [18, (69.10)] implies that NGF (U
F ) = BF .
A maximal torus of GF is a subgroup of the form TF , where T is an F -stable
maximal torus of G. An F -stable maximal torus of G is said to be maximally split
if it lies in an F -stable Borel subgroup of G, and a maximal torus of GF is said
to be maximally split if it has the form TF for some maximally split torus T in G.
Any two maximally split tori of GF are conjugate in GF .
It follows from the Lang-Steinberg theorem that the group G contains an F -
stable Borel subgroup and that any F -stable Borel subgroup contains an F -stable
maximal torus of G. Thus GF contains both a Borel subgroup and a maximally
split maximal torus.
The following result of Steinberg gives a precise count for the number of F -stable
maximal tori in G (see [16, Theorem 3.4.1]; we remark that the result as stated
there applies also to the Ree and Suzuki groups). Recall that q is defined to be the
level of the Frobenius endomorphism F .
Proposition 2.5. Let Φ be the root system for G. The number of F -stable maximal
tori in G is q|Φ|.
We have already introduced the notation N(GF ) for the number of F -stable
maximal tori in G (see Theorem 1.2). Note that if q is sufficient large, then the
number of maximal tori in GF is equal to the number of F -stable maximal tori in
G (see [16, Proposition 3.6.6]).
2.4. Sylow t-subgroups in GF . We are interested in the Sylow structure of the
group GF , for which we refer to [22, 30]. Note first the elementary facts that an
element g ∈ GF is unipotent if and only if it has order pℓ for some ℓ ≥ 0, while g is
semisimple if and only if p does not divide the order of g.
In order to study the structure of a Sylow p-subgroup, we consider an F -stable
Borel subgroup B of G. If we write B = UT as above, then since B, U and T are
all F -stable, we have BF = UF ⋊ TF . Now [22, Theorem 2.3.4] implies that UF is
a Sylow p-subgroup of GF .
We shall require the following fact, which follows from [30, II.5.19].
Proposition 2.6. Let t be a prime dividing |GF |, with t 6= p, and suppose that X
is a Sylow t-subgroup of GF . Then X lies inside NG(T ), where T is an F -stable
maximal torus of G. If t is coprime to |W |, then X lies inside T itself (and so, in
particular, X lies inside TF , a maximal torus of GF ).
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Φ |Φ| |W | Isom(κ) α
An n(n− 1) n!
GLn+1(q)
GUn+1(q)
1
2 n ≥ 2
Bn 2n
2 2nn! O2n+1(q) 1 q odd, n ≥ 3
Cn 2n
2 2nn! Sp2n(q) 1 n ≥ 2
Dn 2n(n− 1) 2n−1n!
O+2n(q)
O−2n(q)
1
n ≥ 4
n ≥ 4
Table 1. The families of groups L of classical type.
Let x and n be positive integers. A primitive prime divisor (also sometimes
called a Zsigmondy prime) of xn − 1 is a prime divisor s which does not divide
xk − 1 for any k < n. A well-known theorem of Zsigmondy [37] (in part also due to
Bang [7]) states that if x > 1 and n > 2, then there exists a primitive prime divisor
of xn − 1 except in the case (x, n) = (2, 6). A primitive prime divisor exists also
when n = 2, unless x = 2b − 1 for some b.
We shall need the following simple inequality.
Lemma 2.7. Let p be prime, and let q = pa for some a ∈ N. Let n > 1 be such that
a primitive prime divisor of qn − 1 exists. Then there is a primitive prime divisor
r of qn − 1 such that r > an.
Proof. It is clear from Zsigmondy’s theorem that if a primitive prime divisor of qn − 1
exists, and if qn 6= 64, then a primitive prime divisor to the base p also exists; that
is, a divisor r of pan − 1 which does not divide pb − 1 for any b < an. Now Euler’s
theorem states that pφ(r) ≡ 1 mod r, where φ is the totient function. It follows that
φ(r) ≥ an, and hence that r > an. It is easy to check that the result holds also for
the exceptional case in Zsigmondy’s theorem, arising when qn = 64. 
2.5. Classical groups. For certain finite groups of Lie type GF it is the case
that GF is isomorphic to a central quotient, or a central extension, of a group of
similarities of a non-degenerate or zero form κ, on a vector space V over a field Fqα .
These groups GF are the classical groups of Lie type.
Table 1 lists the relevant families, with the order of the root system Φ, the order
of the associated Wey groupW , the name of the associated isometry group, and the
value of α. We include restrictions on the values of q and n in order to reduce the
number of groups GF that are considered more than once. Note that the dimension
of the vector space V is equal to the subscript on the isometry group name; we refer
to this number as the dimension of the group GF .
In the proof of Theorem 1.2, we shall use properties of particular families of
maximal tori in the classical groups GF . We call these maximal tori distinguished
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and we describe them here in terms of the associated formed space V . We write L
for the group of similarities that is either a central quotient or central extension of
GF .
Suppose that GF is of type An, Cn,
2Dn or
2A2m. Then it is well known (see, for
instance [8]), that L contains an irreducible cyclic subgroup. Let X be of maximal
order amongst such subgroups (a Singer cycle), and let g be a generator of X .
The irreducibility of X guarantees that g has distinct eigenvalues. Write h for the
projection (or for a lift) of g in GF . Then h is regular, and so by Proposition 2.1
h lies in a unique maximal torus TF of GF . The conjugates of TF in GF are the
distinguished tori in this case.
Suppose that GF is of type 2A2m−1. In this case SU2m(q) ≤ L ≤ GU2m(q). Let
v be an anisotropic vector in V , and consider the stabilizer H of 〈v〉 in L. The
group H contains a subgroup isomorphic to GU2m−1(q) which acts faithfully by
isometries on 〈v〉⊥. Now, as in the previous paragraph, this subgroup contains a
cyclic subgroup X that acts irreducibly on 〈v〉⊥. Taking X to be of maximal order
amongst such subgroups, and defining g and h as before, we conclude that h is
regular and lies in a unique maximal torus TF of GF . The conjugates of TF are
the distinguished tori in this case.
Suppose that GF is of type Bn. In this case, again, L is a group of isometries.
We let v be an anisotropic vector in V such that 〈v〉⊥ is a space of type O−2n. Now
the analysis proceeds as in the previous paragraph.
Suppose lastly that GF is of type Dn. In this case we let W be an anisotropic
subspace of dimension 2 and observe that W⊥ is a space of type O−2n−2. Now
L contains a subgroup H isomorphic to Ω−2 (q) × Ω−2n−2(q). We choose X to be
the direct product of a cyclic group H1 of maximal order in H acting irreducibly
on W and trivially on W⊥, and a cyclic group H2 of maximal order in H acting
irreducibly on W⊥ and trivially on W . Now choose g so that the projection onto
H1 generates H1 and the projection onto H2 generates H2. Then g has distinct
eigenvalues; its projection (or lift) h in GF is regular, and lies in a unique maximal
torus TF of GF . The conjugates of TF are the distinguished tori in this case.
The following lemma will be essential.
Lemma 2.8. Let GF be a classical group of Lie type of dimension d, and let TF
be a distinguished torus in GF .
(1) If GF is of type An, Cn,
2Dn or
2A2m, then let t be a primitive prime
divisor of qd − 1,
(2) If GF is of type 2An or Bn, then let t be a primitive prime divisor of
qd−1 − 1,
(3) If GF is of type Dn, then let t be a primitive prime divisor of q
d−2 − 1,
provided, in each case, that a primitive prime divisor exists. Then in all cases where
t is defined, the torus TF contains an element of order t.
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Note that in light of the restrictions on n listed in Table 1, Zsigmondy’s theorem
implies that t is defined in all cases except possibly when GF is of type A1, or when
q = 2.
Proof. The lemma follows directly from our definition of a distinguished torus,
together with the list of cardinalities of Singer cycles found in [8, Table 1]. 
3. Lemmas on non-nilpotent sets
In this section H is a group and c is an element of Z+ ∪ {∞}. We begin with
some results which are useful for giving upper and lower bounds for ωc(H). The first
result, which is based on [5, Lemma 2.4], requires us first to extend the definition
of ωc to subsets of groups: for X ⊆ H , we write ωc(X) for the size of the largest
non-c-nilpotent subset of X .
Lemma 3.1. Let Y1, . . . , Yk be subsets of H such that Y1 ∪ · · · ∪ Yk = H. Then
ωc(H) ≤ ωc(Y1) + · · ·+ ωc(Yk).
Proof. Suppose that Ω is a non-c-nilpotent set in H . Then clearly |Ω ∩ Yi| ≤ ωc(Yi)
for i = 1, . . . , k, and the result follows. 
Lemma 3.2. Let X1, . . . , Xk, Y1, . . . , Yk be subsets of H. Suppose that the following
hold:
(1) for i = 1, . . . , k, Xi is a non-c-nilpotent subset of Yi of maximum order,
(2) if 1 ≤ i < j ≤ k and xi ∈ Xi, xj ∈ Xj, then 〈xi, xj〉 is not c-nilpotent.
Then X1 ∪ · · · ∪Xk is a non-c-nilpotent subset of H, and
ωc(H) ≥ ωc(Y1) + · · ·+ ωc(Yk).
Proof. The fact that X1 ∪ · · · ∪Xk is a non-c-nilpotent subset of H follows imme-
diately from our suppositions, and the lower bound stated for ωc(H) is an obvious
consequence. 
As mentioned in the introduction, Lemmas 3.1 and 3.2 put into a more general
form the connection between nilpotent covers and non-nilpotent sets already estab-
lished in Proposition 1.1. These lemmas have a number of useful special cases: we
refer in particular to [3, Lemma 3.2] and [3, Lemma 3.3].
The following result is a slightly refined version of the latter. For a prime p, we
write νp(H) for the number of Sylow p-subgroups of a finite group H .
Lemma 3.3. Let H be finite and let p be a prime number dividing |H |. Let the
distinct Sylow p-subgroups of H be P1, P2, . . . , Pνp(H). Suppose that
(1) P1 \
νp(H)⋃
i=2
Pi 6= ∅.
Then the set {P1, . . . , Pνp(H)} is 2-minimal, and there exists a non-nilpotent set
Ω ⊆ H such that all elements of Ω are p-elements, and such that |Ω| = νp(H).
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Proof. Note first that the condition (1) is equivalent to the assertion thatH contains
elements which lie in a unique Sylow p-subgroup of H . Since the Sylow p-subgroups
ofH are conjugate, we see that every Sylow p-subgroup Pi ofH contains an element
wi which lies in no other Sylow p-subgroup. Let Ω be the set {wi | i = 1, . . . , νp(H)}.
Then clearly |Ω| = νp(H).
Let wi and wj be distinct elements of Ω, and let W = 〈wi, wj〉. Since no p-sub-
group of H contains both wi and wj , it follows that the Sylow p-subgroups ofW are
not normal in W , and soW is not nilpotent. We conclude that Ω is a non-nilpotent
set, and hence that the family {P1, . . . , Pνp(H)} is 2-minimal. 
We will use Lemma 3.3 in association with the following result.
Lemma 3.4. Let H be finite and suppose that p1, . . . , pn are distinct prime divisors
of |H |. For i = 1, . . . , n, let Ωi be a non-c-nilpotent subset of H such that the orders
of the elements of Ωi are powers of pi. Suppose that for wi ∈ Ωi and wj ∈ Ωj, we
have [wi, wj ] 6= 1 whenever i 6= j. Then
ωc(H) ≥ |Ω1|+ |Ω2|+ · · ·+ |Ωn|.
Proof. The result follows easily from Lemma 3.2, once we have made the following
observation: if wi and wj are group elements of prime power order for distinct
primes, then the subgroup 〈wi, wj〉 is nilpotent if and only if [wi, wj ] = 1. 
We end with two related results. The first result is a restated (and slightly
generalized) version of [3, Lemma 3.1], which we state here without further proof.
The second is a useful corollary to the first.
Lemma 3.5. Let N be a normal subgroup of H and let Ω be a non-c-nilpotent
subset of H/N . Any set of representatives of Ω in H is a non-c-nilpotent subset
of H.
Lemma 3.6. Let Y be a central subgroup of H. A set Ω ⊆ H is non-c-nilpotent if
and only if the set
Ω/Y = {hY | h ∈ Ω}
is non-c-nilpotent in H/Y and |Ω| = |Ω/Y |.
Proof. Suppose that Ω is non-c-nilpotent. Suppose that g, h ∈ Ω are such that
gY = hY . Then h = gy for some y ∈ Y , and so 〈g, h〉 = 〈g, y〉 is abelian; it fol-
lows that g = h, and we conclude that |Ω| = |Ω/Y |. If 〈gY, hY 〉 is c-nilpotent,
then 〈g, h, Y 〉 is c-nilpotent (since Y is central), and once again we see that g = h.
So Ω/Y is non-c-nilpotent, as required.
Now suppose that Ω/Y is non-c-nilpotent and |Ω| = |Ω/Y |. Then Ω is a set of
representatives of Ω/Y in H and the result follows from Lemma 3.5. 
Lemma 3.6 has an important consequence: it tells us that in order to study non-
c-nilpotent sets in a finite simple group of Lie type J , it is sufficient to study them
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in L where L is any group such that L/Z(L) ∼= J . Now Lemma 2.4 implies that
there is a simple linear algebraic group G and a Frobenius endomorphism F such
that GF /Z(GF ) ∼= J ; therefore it is sufficient to study non-c-nilpotent sets in the
group GF . For instance, to understand non-nilpotency in PSL2(q), we can study
non-c-nilpotent sets in SL2(q) = G
F , where G = SL2(K). Similarly, studying non-
c-nilpotent sets in GLn(q) will tell us about non-c-nilpotent sets in PGLn(q) = G
F ,
where G = PGLn(K).
In the reverse direction, Lemma 3.6 implies that a knowledge of non-c-nilpotent
sets in finite simple groups provides information on the non-c-nilpotent sets in all
quasi-simple groups.
4. Some lower bounds
Throughout this section,G is a simple linear algebraic group over an algebraically
closed field K of characteristic p, and F is a Frobenius endomorphism for G.
4.1. Non-nilpotent sets given by Sylow subgroups. Our first result general-
izes the main result of [3].
Lemma 4.1. Let C be a conjugacy class of GF such that elements of C are regular
unipotent. There is a set Ω ⊆ C such that |Ω| = νp(GF ) and Ω is non-nilpotent.
Proof. We can construct such an Ω by including one element of C from every Sylow
p-subgroup of GF . Since regular unipotent elements lie in a unique Borel subgroup
of G, they lie in a unique Sylow p-subgroup of GF . Now the result follows from
Lemma 3.3. 
Lemma 4.2. Suppose that C is a conjugacy class of regular semisimple elements
in GF . Suppose also that the elements of C have order ta, where t is a prime that
does not divide |W |, and a is a positive integer. Then C has a non-nilpotent subset
Ω of size νt(G
F ).
Proof. Since t does not divide |W |, any Sylow t-subgroup of GF lies inside a max-
imal torus of GF . Since a regular semisimple element lies in a unique maximal
torus of G (and hence a unique maximal torus of GF ), it follows that each regular
semisimple element of order ta lies in a unique Sylow t-subgroup of GF . Now the
result follows from Lemma 3.3. 
Theorem 4.3. Let T1, . . . , Tk be maximal tori in G
F , and suppose that they are
pairwise non-conjugate. Suppose that for i = 1, . . . , k, the torus Ti contains a reg-
ular element gi of order ti, where ti is a prime that does not divide |W |. Then
ω∞(G
F ) ≥ νp(GF ) + νt1(GF ) + · · ·+ νtk(GF ).
Proof. Let Ω0 be the non-nilpotent set of regular unipotent elements given in
Lemma 4.1. Let Ωi be the non-nilpotent set of regular semisimple elements in
conjugates of Ti given in Lemma 4.2. Let Ω = Ω0 ∪ Ω1 ∪ · · · ∪ Ωk.
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Let i ∈ {1, . . . , n}. Since ti does not divide |W | we see that Ti contains a Sylow
ti-subgroup of G. Since gi is regular of order ti, we know that it lies inside a unique
maximal torus of GF , and hence ti 6= tj for i 6= j. Furthermore, since gi is regular,
we see that [gi, h] 6= 1 for any h 6∈ Ti. In particular [gi, h] 6= 1 for all h ∈ Ω \ Ωi.
Similarly, since an element g ∈ Ω0 is regular unipotent, if h is a semisimple
element of G and [g, h] = 1, then h ∈ Z(G). Since ti ∤ |W |, we see from Proposition
2.3 that ti does not divide |Z(G)|, and hence that [g, h] 6= 1 for all g ∈ Ω0 and
h ∈ Ω \ Ω0. Now the result follows by Lemma 3.4. 
4.2. Rank dependent bounds for ω∞(G
F ). In this section we complete the
proof of Theorem 1.2. To prove the lower bound when GF is a classical group, we
will make use of the distinguished tori that we described in detail in Section 2.5.
If GF is an exceptional group of Lie type, then we take a different approach here,
along lines indicated by [6]:
Definition 4.4. A non-trivial torus T of the group GF is said to be sharp if
CGF (t) = T for every non-identity t ∈ T .
The next result is [6, Theorem 3.1].
Proposition 4.5. All of the exceptional simple groups of Lie type except for E7(q)
contain sharp maximal tori.
We shall require two preliminary results.
Lemma 4.6. For every r, there exist positive constants cr, dr and er such that if
G is any simple algebraic group of rank r, F is any Frobenius endomorphism of G,
and T is any F -stable maximal torus of G, then
crq
r ≤ |TF | ≤ drqr and |GF | ≤ erq|Φ|+r.
Proof. The upper bound on |GF | can be proved easily by checking the orders of
the finite groups of Lie type. Now consider the problem of bounding |TF |.
Recall first that T corresponds to an F -conjugacy class of the Weyl group W .
Indeed if w is an element of the F -conjugacy class, then T = T g0 where T0 is a maxi-
mal split torus, g−1F (g) ∈ NG(T0) and w is the corresponding element in the Weyl
groupW ∼= NG(T0)/T0. Let Y0 = Hom(Gm, T0), the cocharacter group of algebraic
homomorphisms Gm(K)→ T0. Then F acts on Y0 in a natural way: for α ∈ Y0 we
have αF = F ◦ α. Since F is a Frobenius map, there is a map F0 : Y0 → Y0 such
that F = [q]F0, where [q] is the map induced by the field automorphism x 7→ xq.
Now [16, Proposition 3.3.5] implies that |TF | = detY0⊗R([q]− F−10 w). Since F−10 w
has finite order, its eigenvalues m1, . . . ,mr on Y0 ⊗ C are roots of unity. Thus
[q]− F−10 w has eigenvalues q −m1, . . . , q −mr, and hence
|TF | = (q −m1)(q −m2) · · · (q −mr).
Now it is easy to see that
crq
r ≤ (q − 1)r ≤ |TF | ≤ (q + 1)r ≤ drqr
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where cr = (
1
2 )
r and dr = (
3
2 )
r. 
Proposition 4.7. Let r > 1. There is a constant Cr such that for any simple
algebraic group G of rank r, for any Frobenius endomorphism F of G, and for
any GF -conjugacy class T of maximal tori of GF , we have N(GF ) ≤ Cr |T |, where
N(GF ) is the number of F -stable maximal tori in G.
Proof. For notational convenience in what follows, we shall write f(r) as a token
for an unspecified function of r, with the understanding that separate instances of
the token may refer to distinct functions.
Recall that, by Proposition 2.5, N(GF ) = q|Φ| where Φ is the root system for G.
If q is bounded above by a function of r, then N(GF ) < f(r) and the proposition
holds trivially. Now [16, Proposition 3.6.6] implies that, for q sufficiently large,
all maximal tori of GF are non-degenerate, i.e. any maximal torus in GF lies in
precisely one maximal torus of G. This implies, in particular, that N(GF ) is equal
to the number of maximal tori in GF .
Since all maximal tori in GF are non-degenerate, [16, Corollary 3.6.5] implies
that |NGF (TF ) : TF | < f(r) for any maximal torus TF in T . Thus, appealing to
Lemma 4.6 (and using the constants dr and er therein), we have
|T | = |G
F |
|NGF (TF )|
≥ erq
r+|Φ|
|NGF (TF )|
= N(GF ) · erq
r
|NGF (TF )|
≥ N(GF ) · erq
r
f(r)|TF | ≥ N(G
F ) · er
f(r)dr
.
The result follows. 
Proof of Theorem 1.2: lower bound. We begin by establishing the lower bound for
ω∞(G
F ). By Proposition 4.7 it suffices to show that
ω∞(G
F ) ≥ |T |,
where T is some class of maximal tori.
Suppose that GF is an exceptional group, other than E7(q). Then G
F has
a class T of sharp tori. Let T1, T2 be distinct tori in T . Then clearly T1 ∩ T2 = {1}.
But now for any non-identity x1 ∈ T1 and x2 ∈ T2 we see that 〈x1, x2〉 is centreless,
and hence not nilpotent. It follows immediately that ω∞(G
F ) ≥ |T |.
Now suppose that GF is of classical type. Let T be the distinguished torus
identified in Section 2.5, and let d be the dimension of the group GF . We may
assume without loss of generality, that q > 2; thus Lemma 2.8 implies that, provided
GF is not of type A1, then T contains an element x of order t, where t is a primitive
prime divisor of qd − 1 or of qd−1 − 1 or of qd−2 − 1. If GF is of type A1, then
Theorems 5.2 and 5.4 imply the result, so we exclude this case and assume that T
contains the given element x.
By Lemma 2.7 we may suppose that t > (d− 2) logp q, and, referring to Table 1,
we see that for all but finitely many values of q, t is coprime with the order of the
Weyl group of G. We may exclude these finite values of q without loss of generality,
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hence, by Proposition 2.6, we conclude that every Sylow t-subgroup of GF lies
inside a conjugate of T .
Let T be the conjugacy class of T and assume, first, that t is a primitive prime
divisor of qd − 1 or of qd−1 − 1. Then 〈x〉 acts irreducibly on a space of dimension
at least d − 1 and we conclude immediately that x is regular. It follows that the
order of the intersection of any two distinct conjugates of T is not divisible by t, and
thus distinct Sylow t-subgroups of GF have trivial intersection. Let C be a set of
elements of GF containing one element of order t from each torus in T . Then clearly
any two elements of C generate a non-nilpotent group. Therefore ω∞(GF ) ≥ |T |,
as required.
Next assume that t is a primitive prime divisor of qd−2 − 1. In this case we
have GF = Dn(q), with d = 2n ≥ 8. In this case x is not regular, however, using
the fact that O−2 (q) is dihedral one can confirm, once again, that the order of the
intersection of any two distinct conjugates of T is not divisible by t. Now the
argument proceeds as per the previous paragraph.
It remains only to deal with the groups E7(q). Recall that there are two versions
of such a group, one simple and one not, but we use the same label for each since
the same argument works. We use two facts, both established in the proof of [6,
Theorem 3.4]: First, that E7(q) contains a class T of maximal tori of order 1δ (q7 − 1)
where δ ∈ {1, 2}; second, that for T ∈ T , for t a primitive prime divisor of q7 − 1,
and for g ∈ T an element of order t, the centralizer of g in E7(q) is T . Now t does
not divide |E7(q) : T |, and it follows that the Sylow t-subgroups of E7(q) intersect
trivially, and that each is contained in a unique member of T . It is clear from these
facts that ω∞(E7(q)) ≥ |T |, as required. 
It is perhaps worth mentioning that for groups G of a fixed Lie type, it may
well be possible to establish a rank-independent lower bound for ω∞(G) by a more
careful count of maximal tori. We have not attempted to carry out this project,
however.
Proof of Theorem 1.2: upper bound. We now turn to the task of proving an upper
bound for ω∞(G
F ). We revive the convention, used in the proof of Proposition 4.7,
of writing f(r) as a token for an unspecified function of r.
Observe first, that all semisimple elements of GF are contained in a maximal
torus of GF ; these are abelian, and by definition there are at most N(GF ) of them.
On the other hand, a result of Steinberg [16, Theorem 6.6.1] states that there are
N(GF ) unipotent elements in GF . So taking the set of maximal tori of GF together
with the set of cyclic groups generated by a unipotent element, we have at most
2N(GF ) abelian subgroups of GF , covering all unipotent and semisimple elements
of GF .
We therefore need only construct a family of nilpotent subgroups of GF , of size
at most f(r)N(GF ), whose members together contain all the elements of GF that
are neither unipotent nor semisimple. Let g be such an element. Write g = su for
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the Jordan decomposition of g; so s ∈ GF is semisimple, u ∈ GF is unipotent, and
[s, u] = 1. Note that u lies in the centralizer of s; indeed, by [27, Proposition 14.7],
we have that u belongs to CG(s)
0, the connected component of CG(s).
Now [27, Corollary 14.3] implies that there are in G at most f(r) G-conjugacy
classes of centralizers of semisimple elements. Furthermore [15, Section 1] implies
that if s ∈ GF , then CG(s)0 is an F -stable reductive subgroup of maximal rank
containing s, and moreover, that the number of GF -conjugates of such centralizers
is at most f(r).
It will therefore be sufficient to prove that if C is an F -stable subgroup of max-
imal rank, equal to CG(s)
0 for some s ∈ GF , then the unipotent elements of the
GF -conjugates of CF can be covered by a set of p-subgroups of size f(r)N(GF ).
But the number of subgroups needed is at most
|{GF -conjugates of CF }| · |{Sylow p-subgroups of CF }| ≤ |G
F |
|CF | ·
|CF |
|BF |
=
|GF |
|BF | ,
where B is a Borel subgroup of C. In particular B contains a maximal torus T
of G. Now Lemma 4.6 implies that |TF | ≥ f(r)qr , and that |GF | ≤ f(r)q|Φ|+r. The
result now follows. 
5. Exact results for low rank groups
In this section we calculate the value of ωc(G) for every c ∈ Z+ ∪ {∞}, and for
every G in one of a number of families of Lie type of low rank. Some of these
statistics have been calculated previously [3, 1]. In every case we establish the
exact value of ωc(G) by constructing a 2-minimal c-nilpotent covering of G.
The groups we consider belong to the families A1(q),
2A2(q),
2B2(2
2m+1) and
2G2(3
2m+1). For the family A1(q), when q is odd, there are two isogeny types to
deal with, namely the groups SL2(q) and PGL2(q). Similarly, the family
2A2(q)
comprises the groups SU3(q) and PGU3(q), which are non-isomorphic whenever
q ≡ −1 (mod 3).
Before proceeding, we require a definition. Let P = {X1, . . . , Xk} be a set of
subgroups of a group G. We say that P is a partition of G if G = X1 ∪ · · · ∪Xk,
and if Xi ∩Xj = {1} for all 1 ≤ i < j ≤ k.
We will need the following preliminary result of Suzuki [32].
Proposition 5.1. Let G be an almost simple group admitting a partition P. Then G
is one of PSL2(q) with q > 3, PGL2(q) with q > 3, or
2B2(2
2m+1) with m > 0.
Furthermore each group has a partition of form PT ∪ Pp, where PT is the set of
maximal tori in G, and Pp is the set of Sylow p-subgroups of G.
Note that, by Proposition 2.5, we have |PT | = q|Φ| = (|G|p)2. Several of the
arguments in this part of the paper fail for certain small values of q, and in some
of these cases we have relied on direct computation. In every such case, we have
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established the value of ωc(G) by finding a 2-minimal c-nilpotent cover for G. These
calculations were performed using the Magma computer algebra package [10].
5.1. PGL2(q). The main result in this section is the following.
Theorem 5.2. Let G = PGL2(q), and let c ∈ Z+ ∪ {∞}. Then G has a 2-minimal
c-nilpotent cover, and
ωc(G) =


4 if q = 2,
7 if c > 1 and q = 3,
10 if c = 1 and q = 3,
q2 + q + 1 if q ≥ 4.
Before we prove Theorem 5.2 we state a lemma, which will be useful also in the
next section when we study the groups SL2(q).
Lemma 5.3. Let X be a nilpotent subgroup of PGL2(q). Then one of the following
holds.
(1) X is cyclic.
(2) X is elementary abelian.
(3) X is a dihedral 2-group and p is odd.
Proof. It is well known that PGL2(2) ∼= S3 and that PGL2(3) ∼= S4; in these cases
it is easy to verify the result directly. For q > 3 we refer to [25], which gives a list of
the maximal subgroups of PGL2(q) and PSL2(q); the result can readily be derived
from this information. 
Proof of Theorem 5.2. When q = 2 or q = 3, the result can be calculated directly.
We therefore suppose that q > 3. Let P = PT ∪ Pp be the partition given in Propo-
sition 5.1, and observe that
|P| = |PT |+ |Pp| = q2 + q + 1.
The subgroups in P are abelian, and so by Lemma 3.1, we have ω1(G) ≤ |P|.
In each member of PT , we choose any element of order greater than 2 to be a
distinguished element; suitable elements exist since q > 3, and by construction they
are regular. In each member of Pp, we choose any nontrivial element to be a
distinguished element.
Let g and h be two distinct distinguished elements. We need to check that 〈g, h〉
is not nilpotent. If p is odd, then Lemma 5.3 implies that all nilpotent subgroups of
PGL2(q) are abelian, so it suffices to check that g and h do not commute. Indeed
Lemma 5.3 yields the same conclusion when p is odd, since in this case both g and h
have order greater than 2.
Observe that the centralizer of g is precisely that member of P which contains g,
and that this subgroup does not contain h. So 〈g, h〉 is not nilpotent, and we see
from Lemma 3.2 that ω∞(G) ≥ |P|. Now the result follows, since ω1(G) ≥ ω∞(G).

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5.2. SL2(q). Consider the situation when G = SL2(q). In the case that q is even
we have SL2(q) ∼= PGL2(q), and the result of the previous section applies. Thus in
this section we assume that q is odd. Our results generalize the main result of [3].
Theorem 5.4. Let q be odd, and let G = SL2(q). For every c ∈ Z+ ∪ {∞}, the
group G has a 2-minimal c-nilpotent cover, and
ωc(G) =


5 if q = 3,
21 if q = 5,
q2 + q + 1 if q > 5.
Proof. If q = 3 or 5, we calculate the value of ωc(G) directly. Assume that q > 5
and let H = G/Z(G) ∼= PSL2(q). Let P = PT ∪ Pp be the partition of H given in
Proposition 5.1; we observe that |P| = |PT |+ |Pp| = q2 + q + 1. For each mem-
ber, Nˆ , of P , define N to be the unique subgroup of G that contains Z(G)
and satisfies N/Z(G) = Nˆ . Let N be the set of all such N and observe that
|N | = |P| = q2 + q + 1, that N covers G, that all members of N are abelian, and
that the intersection of any two members of N equals Z(G).
Now in every member N of N we choose an element g such that gZ(G) ∈ H has
order greater than 2. From here the proof is identical to that of Theorem 5.2. 
5.3. SU3(q). Our main result in this section is the following.
Theorem 5.5. Let G = SU3(q). For every c ∈ Z+ ∪ {∞}, the group G has a 2-
minimal c-nilpotent cover, and
ωc(G) =


31 if c ≥ 2 and q = 2,
10 if c = 1 and q = 2,
757 if c ≥ 2 and q = 3,
q6 + q5 + q3 + q2 + 1 if c ≥ 2 and q > 3,
q6 + q5 + 1δ q
4 + 1δ q
3 + q2 + 1δ q +
1
δ if c = 1 and q > 2,
where δ = |Z(G)|.
Recall that |Z(G)| is equal to the greatest common divisor of 3 and q + 1.
Proof. When q ≤ 3, the number wc(G) can be computed directly. We assume
therefore that q > 3 and we construct a 2-minimal c-nilpotent cover of G. In what
follows we write Z for Z(G).
Covering unipotent elements. Let U be a Sylow p-subgroup of G, where
q = pa for some positive integer a. Then |Q| = q3 and |UG| = q3 + 1. On the
other hand an easy calculation confirms that G contains precisely (q3 + 1)(q3 − 1)
non-trivial unipotent elements. We conclude immediately that any two distinct
Sylow p-subgroups of G intersect non-trivially. In particular if g ∈ U\{1}, and N
is a nilpotent group containing g, then the Sylow p-subgroup of N is a subgroup of
U .
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Suppose first that g ∈ Z(U). Then CG(g) = U ⋊ Cq+1, and we let h be an ele-
ment of CG(g) of order q + 1; one can check that
L := CG(h) ∼= GU2(q) ∼= SL2(q)⋊ Cq+1.
Now g lies in a unique Sylow p-subgroup of L and we conclude that
M := CL(g) ∼= Z(U)× Cq+1
is the only maximal nilpotent subgroup containing gh (in fact M is abelian). Since
Z(U) is a characteristic subgroup of M , we conclude that
NG(M) ≤ NG(Z(U)) = U ⋊ Cq2−1.
It is easy to check that NG(M) = Z(U)⋊ Cq2−1 and so |MG| = q2(q3 + 1).
Suppose next that g ∈ U\Z(U). Then CG(g) = U0 × Z, where U0 is an abelian
subgroup of U of order q2. We conclude that any nilpotent subgroup containing g
must equal Q× Z(G), where Q is a p-group. Since U is the only Sylow p-subgroup
containing g, we conclude that U ×Z(G) is the unique maximal nilpotent subgroup
of G that contains g.
Observe that U × Z has nilpotency class 2 and, since NG(U) = U ⋊ Cq2−1, we
see that
|(U × Z)G = |UG| = q3 + 1.
Similarly it is clear that CG(g
′) = U0 × Z for all elements g′ of U0\Z(U). It follows,
in particular, that U0 × Z is the only maximal abelian subgroup of G containing
these elements. Since NG(U0) = U ⋊ Cδ(q−1), we conclude that
|(U0 × Z)G| = |UG0 | =
1
δ
(q4 + q3 + q + 1).
Covering mixed elements. Recall that a mixed element of G is one that
is neither unipotent nor semisimple. If g is one such, then g = su, where s is
semisimple and u is unipotent, and where [s, u] = 1. By the above remarks, we
obtain that either s ∈ Z, or else u lies in the centre of some conjugate of U and
s ∈ CG(u). It follows that g lies in some conjugate of M or some conjugate of
U0 × Z.
Covering semisimple elements. We are left with the task of finding a set of c-
nilpotent subgroups of G containing all semisimple elements of G. Every semisimple
element of G lies in a maximal torus of G; each of these tori is isomorphic to one
of Cq2−1, Cq+1 × Cq+1 or Cq2−q+1. We consider these in turn.
Tori isomorphic to Cq2−q+1. Let T2 be a maximal torus of G isomorphic to
Cq2−q+1. Since q > 2, Zsigmondy’s theorem implies that there exists a primitive
prime divisor t of q6 − 1. Immediately from its definition, we see that t divides
q2 − q + 1, and is coprime to q2 − 1. This implies, in particular, that T2 contains a
Sylow t-subgroup of G. Moreover, if g is a generator of this Sylow t-subgroup, then
g is regular, i.e. CG(g) = T2; so any nilpotent subgroup of G containing g must be
a subgroup of T2.
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Tori isomorphic to Cq2−1. Let T0 be a maximal torus of G isomorphic to
Cq2−1. Suppose, first, that q − 1 is divisible by an odd prime t. Then t does not
divide |G|/|T0| and so T0 contains a Sylow t-subgroup of G. Moreover, any element
g of order t must be regular, i.e. CG(g) = T0. This implies, in particular, that any
nilpotent subgroup of G containing g is a subgroup of T0.
Suppose, on the other hand, that q − 1 is not divisible by an odd prime; so
q − 1 = 2b for some positive integer b. Then NG(T0) is a nilpotent group containing
a Sylow 2-subgroup S of G. Now S has order 4(q− 1) and S ∩ T0 is cyclic of order
2(q − 1); furthermore any element in S\(S ∩ T0) has order 2 or 4. We set g to be
a generator of S ∩ T0 and observe that g is regular and has order at least 8. This
implies, in particular, that any nilpotent subgroup of G containing g is a subgroup
of ST0 = NG(T0), and so 〈g, g′〉 is not nilpotent for any conjugate g′ of g which is
not contained in T0.
Tori isomorphic to Cq+1 × Cq+1. Let T1 be a maximal torus isomorphic to
Cq+1 × Cq+1. Suppose that q + 1 is divisible by a prime t > 3. Then, just as
in the previous case, it follows that T1 contains a Sylow t-subgroup of G, and a
regular element g of order t, such that any nilpotent subgroup of G containing g is
a subgroup of T1.
Suppose that q + 1 is divisible by 9. Then T1 contains a regular element g of
order 9 and CG(g) = T1. On the other hand observe that if S is a Sylow 3-sub-
group of G, then S is a subgroup of the normalizer of some conjugate of T1, and
all elements of order 9 lie in that conjugate. In this case we conclude that any
nilpotent subgroup of G that contains g lies in NG(T1). In particular, if g
′ is any
conjugate of g that does not lie in T1, then 〈g, g′〉 is not nilpotent.
Suppose next that q + 1 is divisible by 12. Then T1 contains a regular element
g of order 12 such that both g3 and g4 are regular, i.e.
CG(g) = CG(g
3) = CG(g
4) = T1.
This implies, in particular that if N is a nilpotent subgroup of G containing g, then
all odd order subgroups of N lie in T1, and all subgroups of order coprime to 3 lie
in T1; in particular N itself is a subgroup of T1. Again we conclude that, if g
′ is
any conjugate of g that does not lie in T1, then 〈g, g′〉 is not nilpotent.
Assume next that q + 1 = 6. One can verify directly that if g is a regular element
of order 6 in T1, and if g
′ is any G-conjugate of g, then 〈g, g′〉 is nilpotent if and
only if g′ ∈ T1.
Assume, finally, that q + 1 = 2a for some a, and let g be a regular element in T1;
then CG(g) = T1 is a 2-group, and so any nilpotent subgroup of G that contains g
must lie in some Sylow 2-subgroup S of G. By comparing orders, we see that S
contains a conjugate of T1 as a subgroup of index 2; without loss of generality, we
assume that S contains T1. Let h ∈ S\T1 and let λ1, λ2, λ3 be the eigenvalues of h.
An easy calculation implies that, up to relabelling, λ2 = −λ1. Let ζ be a generator
of the cyclic subgroup of Fq2 of order q + 1. We may take g to be an element with
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eigenvalues ζ, ζ
q−1
2 ,−1. Observe that det g = 1, that the eigenvalues are distinct
(so g is regular), and that none of these eigenvalues is equal to −1 times any of the
others. This implies that if S′ is any Sylow 2-subgroup of G containing g, then g
lies in the unique maximal torus of G contained as an index 2 subgroup in S. Since
g therefore lies in a unique maximal torus of G, namely T1, we conclude that any
nilpotent subgroup of G that contains g must be a subgroup of one of the three
Sylow 2-subgroups of G that normalize T1.
The size of the cover. Our calculations now yield a 2-minimal c-nilpotent
cover, N , of G. If c ≥ 2, set
N = (U × Z)G ∪MG ∪ TG0 ∪ TG1 ∪ TG2 .
If c = 1, set
N = (U0 × Z)G ∪MG ∪ TG0 ∪ TG1 ∪ TG2 .
We have already observed that UG0 ∪MG (and hence UG ∪MG) contains every
non-semisimple element of G, while it is well known that the set of all maximal
tori, TG0 ∪ TG1 ∪ TG2 , between them contain all semisimple elements of G. Thus N
is, in each case, a c-nilpotent cover of G.
On the other hand our calculations imply that each member N of N contains an
element g such that any c-nilpotent subgroup containing g must lie in N (or, in a
couple of exceptional cases, in a small overgroup of N). Furthermore no member of
N is a subgroup of any other member of N (or, in the exceptional cases, a subgroup
of the relevant overgroups of any other member of N ). Hence N is 2-minimal, as
required.
In order to calculate the order of N recall that |TG0 ∪ TG1 ∪ TG2 | = q6 by Propo-
sition 2.5. The result follows. 
5.4. PGU3(q). In this section we assume that q ≡ −1 (mod 3), since otherwise
PGU3(q) ∼= PSU3(q) and the results of Section 5.3, combined with Lemma 3.6,
yield the value of ωc(G).
Theorem 5.6. Let G = PGU3(q) with q ≡ −1 (mod 3). For every c ∈ Z+ ∪ {∞},
the group G has a 2-minimal c-nilpotent cover, and
ωc(G) =


49 if c ≥ 2 and q = 2,
71 if c = 1 and q = 2,
q6 + q5 + q3 + q2 + 1 if c ≥ 2 and q > 2,
q6 + q5 + q4 + q3 + q2 + q + 1 if c = 1 and q > 2.
Proof. For q = 2 we compute the value of ωc(G) directly. For q > 2 our argument
is virtually identical to that of Section 5.3, and so we give only a brief summary
here. We define a family N of subgroups of G as follows. If c ≥ 2, set
N = ( Uˆ)G ∪MG0 ∪ T .
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If c = 1, set
N = ( Uˆ0)G ∪MG0 ∪ T .
Here T is the set of maximal tori of G; these come in three conjugacy classes, just
as in SU3(q). The group Uˆ is a Sylow p-subgroup of G while Uˆ0 is the subgroup
of PSU(3, q) equal to the projection of the group U0 given in SU3(q).
Finally one constructs M0 by taking g ∈ Z( Uˆ). Then CG(g) = U ⋊ Cq+1. Let
C be a cyclic subgroup of CG(g) of order q + 1. Then define M0 := Z( Uˆ)× C.
To show now that N is a 2-minimal c-nilpotent cover of G, one follows the line of
argument of Section 5.3. 
5.5. 2B2(2
2m+1). In this section we deal with the Suzuki groups. Our main result
generalizes [1, Theorem 1.2] which gives the exact value for ω1(G) in the case that
G ∼= 2B2(22m+1) for some m ≥ 1.
It will be convenient to redefine the variable q, which hitherto has been defined
as the level of the Frobenius endomorphism F . For the group 2B2(2
2m+1) this
would give the fractional power q = 2m+
1
2 . For a clearer exposition in this section,
we shall take q to be the square of that value, i.e. q = 22m+1.
Theorem 5.7. Let q = 22m+1 for m ≥ 0, and let G be the Suzuki group 2B2(q).
Then, for all c ∈ Z+ ∪ {∞}, the group G has a 2-minimal c-nilpotent cover. Fur-
thermore, if m ≥ 1, then
ωc(G) =
{
q4 + q2 + 1 if c ≥ 2,
q4 + q3 − q2 + q − 1 if c = 1.
If m = 0, then ωc(G) = 6 for all c ∈ Z+ ∪ {∞}.
Proof. If m = 0, then 2B2(q) ∼= C5 ⋊ C4 and the result can be computed directly.
Assume m > 0 and let P = PT ∪ Pp be the partition given in Proposition 5.1. The
value of |PT | is given by Proposition 2.5 as q4 (taking into account the modified
definition of q currently in force). The value of |Pp| is given by [33, Theorem 9] as
q2 + 1. Thus
|P| = |PT |+ |Pp| = q4 + q2 + 1.
The members of PT are abelian, and the members of Pp are nilpotent of class 2.
So we have ω2(G) ≤ |P|, by Lemma 3.1.
Every memberH of P is a maximal nilpotent subgroup ofG. For each g ∈H\{1},
the only maximal nilpotent subgroup containing g is H itself [33, Theorem 9]. It
follows from Lemma 3.2 that ω∞(G) ≥ |P|, and this is enough to establish the first
part of the theorem.
We are left with the task of calculating ω1(G). Let P be a Sylow p-subgroup
of G, and let g ∈ P \ Z(P ). Then the centralizer of g in G is 〈g, Z(P )〉. If we choose
g1, . . . , gq−1 to be representatives from the q−1 non-trivial cosets of Z(P ) in P ,
then we see that [gi, gj] 6= 1 whenever 1 ≤ i < j ≤ q − 1. Define Hi := 〈gi, Z(P )〉
for i = 1, . . . , q − 1; then the subgroups Hi form a 2-minimal abelian cover of P ,
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with the elements gi as distinguished elements. We may repeat this process for
every member of Pp. The resulting abelian subgroups, together with those of PT ,
form a 2-minimal abelian cover of G. The size of this cover is given by
|PT |+ (q − 1)|Pp| = q4 + (q − 1)(q2 + 1),
and the result follows. 
5.6. 2G2(3
2m+1). The final family of groups to deal with is that of the Ree groups
of type 2G2(3
2m+1). As with the Suzuki groups, it is convenient here to redefine
q to be the square of its value in earlier sections. Thus, in what follows, we set
q = 32m+1.
We will make extensive use of the structural information about the group 2G2(q)
given by the main theorem of [36]; and we rely on the classification of the maximal
subgroups of 2G2(q) provided by [26, Theorem C]. Facts stated without proof in
this section are taken from the statements of these two theorems.
We also make use of the following parametrization of a Sylow 3-subgroup P
of 2G2(q), which can be found in [17]. We write elements of P as triples (x, y, z) ∈ F3q
with the multiplication given by (x1, y1, z1) · (x2, y2, z2) equal to
(2) (x1 + x2, y1 + y2 + x1x
s
2 − xs1x2, z1 + z2 + y1x2 + xs1x22 + x1xs+12 − x21xs2),
where s = 3m+1. Under this parametrization it is not hard to see that
Z(P ) = {(x, y, z) | x = y = 0},
Z2(P ) = {(x, y, z) | x = 0},
where Z2(P ) is the second term of the upper central series for P . Both of these
groups are elementary abelian, with orders q and q2 respectively.
Theorem 5.8. Let q = 32m+1 for m ≥ 0, and let G be the Ree group 2G2(q). Then,
for all c ∈ Z+ ∪ {∞}, the group G has a 2-minimal c-nilpotent cover. Furthermore
ωc(G) =


316 if c ≥ 2 and q = 3,
372 if c = 1 and q = 3,
q6 + q5 + q3 + q2 + 1 if c ≥ 3 and q > 3,
q6 + q5 + 12q
4 − 12q3 + q2 + 12q − 12 if c = 2 and q > 3,
q6 + 32q
5 − 12q4 + 32q2 − 12q if c = 1 and q > 3.
Proof. In the case thatm = 0, and hence q = 3, we have the isomorphism 2G2(q) ∼= PSL2(8).3,
and the result can be computed directly. Assume that m > 0 and observe that the
set of prime divisors of |G| can be partitioned naturally into six sets:
(1) the two singleton sets {2} and {3},
(2) the two sets R± of prime divisors of q ±√3q + 1,
(3) the set S of prime divisors of q−12 ,
(4) the set T of prime divisors q+14 .
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We say that an element g of G belongs to one of the sets R±, S or T if all of the
prime divisors of the order of g belong to that set. If the element g belongs to any
of these sets, then there is a unique maximal nilpotent subgroupM(g) containing g,
which is equal to the centralizer in G of g.
(1) If g belongs to R±, then M(g) is cyclic of order q ±√3q + 1. We write C±
for the subgroup M(g).
(2) If g belongs to S, then M(g) is cyclic of order q − 1. We write D for the
subgroup M(g) in this case.
(3) If g belongs to T , then M(g) is isomorphic to C q+1
2
× C2. We write E for
the subgroup M(g).
Define NT to be the set of all conjugates in G of C±, D or E. So NT is a set
of abelian subgroups of G, and every element of G whose order is divisible by a
prime greater than 3 lies in a member of NT . Furthermore if g and h are elements
of maximal order in distinct members of NT , then 〈g, h〉 is clearly not nilpotent.
It remains to deal with elements of G whose order is not divisible by a prime
greater than 3; these have order 2, 3, 6 or 9. Let P be a Sylow 3-subgroup of G and
let gP be an element in P of the maximal order 9. Since P ∩Q = {1} for distinct
Sylow 3-subgroups of G, and since P contains the centralizer of g, we see that P is
the only maximal nilpotent subgroup containing g.
Note next that there is a unique conjugacy class of involutions in G; it follows
easily from the centralizer structure that we have outlined, by straightforward Sylow
arguments, that NT ∪ PG contains all elements of G of order other than 6.
Now if g ∈ G has order 6, then the only maximal nilpotent subgroup containing g
is the centralizer in G of g, which we shall call F . The subgroup F is isomorphic
to C2 ×A(q), where A(q) is an elementary abelian group of order q. We see that
N = NT ∪ PG ∪ FG covers every element of G.
For every element N of N , we have seen that N has an element gN such that N
is the only maximal nilpotent subgroup containing gN . It follows that N is a 2-
minimal nilpotent cover of G. We note, furthermore, that every member of N is
abelian, apart from the Sylow 3-subgroups of G. So N is a 2-minimal 3-nilpotent
cover of G. Now Proposition 1.1 implies that for c ≥ 3, we have
ωc(G) = |N | = |NT |+ |PG|+ |FG|.
The set NT is in one-to-one correspondence with the maximal tori of G and thus,
by Proposition 2.5, it has order q6. Thus
ωC(G) = q
6 + |PG|+ |FG|
= q6 +
|G|
q3(q − 1) +
|G|
q(q − 1)
= q6 + q5 + q3 + q2 + 1.
We now consider the case c= 2. We construct a 2-minimal 2-nilpotent cover N2
as follows. From the set N constructed above, we retain the sets NT and FG, since
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the subgroups in these sets are abelian. Let g ∈ P \ Z2(P ) be an element of order 9,
and define
Pg := 〈g, Z2(P )〉.
Using the parametrization of P described above, we write g = (x0, y0, z0). We see
that
Pg = {(x, y, z) | x ∈ {0, x0, 2x0}, y, z ∈ Fq}.
Now clearly Z(Pg) = Z(P ), and Pg/Z(Pg) is abelian. We conclude that Pg is a
non-abelian group of order 3q2 and nilpotency class 2.
For i = 1, . . . , q−12 , let gi = (xi, yi, zi) be elements of P , chosen in such a way
that x1, . . . , x q−1
2
∈ Fq are pairwise linearly independent as vectors over F3, i.e. so
that the set of subspaces {
〈xi〉 | i = 1, . . . , q − 1
2
}
contains every 1-subspace of Fq. It is easy to see that the corresponding sub-
groups Pgi cover the Sylow 3-group P ; there are
q−1
2 of these subgroups.
We claim that the groups Pgi are a 2-minimal 2-nilpotent cover of P . To see
this we must show that for distinct i and j, the group Pi,j := 〈gi, gj〉 has nilpotency
class 3. Using (2), one can check that Z(Pi,j) = Pi,j ∩ Z(P ); and since Pi,j/Z(Pi,j)
is clearly non-abelian, we conclude that Pi,j has nilpotency class 3, as required.
The elements gi will be our distinguished elements.
The construction just described may be repeated inside any Sylow 3-subgroup
of G, to obtain in each a set of q−12 nilpotent subgroups of class 2. Let N2,p be the
collection of all these subgroups. We recall that P ∩ P g = {1} whenever P and P g
are distinct, and so any pair of distinguished elements from distinct members ofN2,p
generate either a non-nilpotent group (if they belong to distinctSylow 3-subgroups),
or a group of nilpotency class 3 (otherwise).
We now define N2 := NT ∪ FG ∪ N2,p, and observe that the members of N2,p
cover G. We have seen that each member N of NT ∪ FG contains an element gN
which lies in no other maximal nilpotent subgroup ofG. On the other hand, for each
member N of N2,p there is an element gN ∈ N such that the only maximal nilpotent
subgroup containing gN is a Sylow 3-subgroup of G; furthermore, if N1, N2 ∈ N2,p
are distinct, then the elements gN1 and gN2 generate either a non-nilpotent group
or a group of nilpotency class 3. It follows that N2 is a 2-minimal 2-nilpotent cover
of G.
We now calculate that
|N2| = |NT |+ |FG|+ |N2,p|
= |NT |+ |FG|+ 1
2
(q − 1)|PG|
= q6 + q5 + q2 +
1
2
(q − 1)(q3 + 1)
and the claimed result for c = 2 follows.
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It remains to deal with the case c = 1. We construct a 2-minimal 1-nilpotent
(abelian) cover, and as a consequence obtain a maximal non-commuting set in G.
As we did for c = 2, we retain the sets NT and FG of abelian subgroups.
Let h = (x0, y0, z0) ∈ P \ Z2(P ) be an element of order 9. DefineQh := 〈h, Z(P )〉,
and observe that
Qh = {(x, y, z) | (x, y) ∈ {(0, 0), (x0, y0), (2x0, 2y0)}, z ∈ Fq}.
Clearly Qh is abelian of order 3q.
For i = 1, . . . , q(q−1)2 , let hi = (xi, yi, zi) be elements of P \ Z2(P ), chosen so
that (x1, y1), . . . , (x q−1
2
, y q−1
2
) ∈ Fq × Fq are pairwise linearly independent as vec-
tors over F3. So the set {
〈(xi, yi)〉 | i = 1, . . . , q(q − 1)
2
}
contains all of those 1-spaces in Fq × Fq with non-zero first coordinate. It is easy to
see that the set of corresponding subgroups Qhi covers all elements of P \ Z2(P ),
as well as all elements of Z(P ). There are q(q−1)2 subgroups in this set. Using (2), it
is clear that for distinct i and j, we have [hi, hj ] 6= 1, and so 〈hi, hj〉 is non-abelian.
As in the case c = 2, we can repeat the construction inside every Sylow 3-sub-
group of G, obtaining in each case a collection of q−12 abelian subgroups. Let N1,p
be the set of all the subgroups so obtained, and let
N1 = NT ∪ FG ∪ N1,p.
We have seen that NT ∪ FG contains all elements of G whose order is not a
power of 3. Now N1,p contains all 3-elements, apart from those conjugate to an
element of Z2(P ) \ Z(P ). But such an element is contained in a member of FG,
and so we conclude that N1 covers G.
We must now establish the 2-minimality of N2. We have seen how to find distin-
guished elements of the subgroups in NT ∪ FG. Every member N of N1,p contains
an element gN such that the only maximal nilpotent subgroup containing gN is a
Sylow 3-subgroup of G; furthermore, any two such elements generate a non-abelian
group. It follows that N1 is a 2-minimal abelian cover of G.
Finally, we observe that
|N1| = |NT |+ |FG|+ |N1,p|
= |NT |+ |FG|+ 1
2
q(q − 1)|PG|
= q6 + q5 + q2 +
1
2
q(q − 1)(q3 + 1)
and the result follows. 
6. Questions and conjectures
The main results of this paper suggest a number of interesting questions which
we discuss below.
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6.1. Questions about exact formulae. Let G be a simple algebraic group, and
GF a finite group of Lie type with (twisted) Lie rank equal to 1. This is the situation
treated in Section 5 above, and our results from that section, collectively, have a
number of suggestive properties.
• Provided that q > 5, the isogeny class of G does not affect the value of
ω∞(G
F ).
• Provided that q > 5, the value of ω∞(GF ) is a polynomial in q. Further-
more, all of the coefficients in this polynomial are equal to 1 or −1.
• Provided that q > 3, the values of ω∞(SU3(q)) and ω∞(2G2(q)) coincide.
We are naturally interested in how far these phenomena generalize. For instance,
let us continue to suppose that GF is a finite group of Lie type, where G is simple,
but let us drop the assumption that GF has rank 1. Then we have the following
questions.
Question 6.1. Is ω∞(G
F ) independent of the isogeny class of G for large enough q?
Question 6.2. Is ω∞(G
F ) a polynomial in q for large enough q? Are the coefficients
of ω∞(G
F ) always equal to 1 or −1?
Question 6.3. Can we classify (and explain) any coincidences in the value of
ωc(G
F ) for different families of groups GF ?
6.2. Intersection with conjugacy classes. In this paper we have focused on the
problem of calculating the order of a maximal non-nilpotent set in a finite group G.
We are also interested in the possible structure of such a set and an obvious first
approach is to study the interaction of non-nilpotent sets with conjugacy classes.
With this in mind, then, we define a non-trivial conjugacy class which is a non-
nilpotent set to be a non-nilpotent class of the finite group G. We pose the following
question:
Question 6.4. Suppose that G contains a non-nilpotent class. Can we describe
the structure of G?
A natural first question concerning the structure of such a group G would be to
ask if it can be simple: we conjecture below that this is impossible. Some evidence
for this conjecture can be found in the following result. Recall that Op(G) is the
largest normal p-group in G.
Lemma 6.5. Suppose that G contains a non-nilpotent class of elements of prime
order. Then G is not simple.
Proof. Let C be a non-nilpotent class of elements of prime order p in G and
let x, y ∈ C. The group 〈x, y〉 will be nilpotent precisely if it is a p-group. Thus
the class C will be non-nilpotent if and only if no two elements of C lie in the same
Sylow p-subgroup of G. But in this case the elements of C are isolated in the Sylow
p-subgroup in which they lie. Now the Z∗p Theorem (due to Glauberman [21] when
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p = 2, and to Guralnick and Robinson [23] for odd p) implies that C ⊂ Op(G), and
hence that the group is not simple. 
So much for negative information about groups containing non-nilpotent conju-
gacy classes. On the other hand there are certainly many groups containing such
a class. (In what follows, for x an element of a group H , we write xH for the
conjugacy class of H containing x.)
Lemma 6.6. Suppose that G is a Frobenius group with complement H, and let
x ∈ Z(H). Then xG is a non-nilpotent set in G.
Note that, in particular, a Frobenius group with abelian complement contains a
conjugacy class which is a non-nilpotent set. A relevant example is PSL2(3) ∼= A4
in which both conjugacy classes of elements of order 3 are non-nilpotent classes.
Proof. Write K for the Frobenius kernel of G and note that (|K|, |H |) = 1. Let y
be a conjugate of x. If 〈x, y〉 ∩K = {1}, then x and y lie in the same comple-
ment which is a contradiction. Hence 〈x, y〉 ∩K 6= {1}. But CG(x) ∩K = {1} and
(o(x), |K|) = 1, thus 〈x, y〉 is not nilpotent. 
Rather than restricting our attention to non-nilpotent classes, one can ask the
more general question of how conjugacy classes of a group interact with non-
nilpotent sets. In this respect, a classical theorem of Baer and Suzuki is relevant
(see [24, p. 298], [33]).
Theorem 6.7. Let C be a conjugacy class in G such that for all x, y ∈ G, 〈x, y〉 is
nilpotent. Then C ⊂ F (G), the Fitting group of G.
In particular this result implies that, in a simple group, every conjugacy class
contains a non-nilpotent set of size at least 2. Other results of this ilk—focussed
on the property of solvability rather than nilpotency—can be found in [19]. It is
unclear, however how much the value 2 can be increased.
Question 6.8. Let G be a simple group. Can one state a minimum bound for the
quantity
(3) min{ω∞(C) | C is a non-trivial conjugacy class in G}?
One might also ask about upper bounds for the quantity (3) for a simple groupG.
In this regard we posit the following conjecture, the truth of which would imply, in
particular, that a simple group cannot contain a non-nilpotent class.
Conjecture 6.9. Let G be a simple group. Then
(4) max
{
ω∞(C)
|C| | C is a non-trivial conjugacy class in G
}
≤ 1
2
.
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It is clear that the bound 12 cannot be improved: in the group A5, the class of
elements of order 3, and the two classes of elements of order 5, all contain non-
nilpotent sets of half their size. The same is true in PSL2(7) of the conjugacy class
of elements of order 3.
We remark, finally, that one might ask similar questions for non-commuting
classes. (We say that a conjugacy class C in a group G is non-commuting if, for all
distinct g, h in C, the group 〈g, h〉 is non-abelian.) In particular it is conceivable
that the previous conjecture remains true in this more general context, i.e. with
ω∞ replaced in the statement by ω1.
6.3. Rank and nilpotency class. Let N be a nilpotent subgroup of G, a finite
group of Lie type. The connection between the nilpotency class of N and the rank
of G appears to be slightly subtle.
We note, first of all, that the nilpotency class ofN cannot, in general, be bounded
above by a function of the rank of G. One illustrative example is the case that N is
a dihedral 2-subgroup of G = PSL2(p), of the largest possible order 2
k. The value
of k is unbounded as p varies across the primes, and since N has nilpotency class
k − 1, the non-existence of a bound in terms of the rank of G is demonstrated.
On the other hand let ℓ be the minimum number such that ωi(G) = ωℓ(G) for
all i ≥ ℓ. Since G is finite, such a number ℓ exists; but in light of the remarks of
the previous paragraph, there is no a priori reason why ℓ should be bounded above
by any function of the rank. It is nevertheless tempting to conjecture that such a
bound exists.
Conjecture 6.10. For all r ∈ Z+, there exists ℓ ∈ Z+ such that if G is a finite
group of Lie type of rank r, then ωi(G) = ωℓ(G) for all i ≥ ℓ.
Our results for rank 1 groups provide some evidence for the plausibility of this
conjecture. Note, in particular, that the presence of nilpotent subgroups of un-
bounded class does not prevent the conjecture being true for the group PSL2(q).
In another direction one might ask whether the example of the dihedral 2-sub-
groups of PSL2(q) is in some respects atypical. In particular, one could pose the
following question.
Question 6.11. Is it the case that for all r ∈ Z+, there exists ℓ ∈ Z+ such that if
G is a finite group of Lie type of rank r, and if N is a nilpotent subgroup of G of
odd order, then the nilpotency class of N is less than ℓ?
An obvious way of addressing this question would be to undertake a detailed
study of the maximal nilpotent subgroups of finite groups of Lie type. Interesting
results in this direction already exist: for instance Vdovin has classified, for every
finite simple group, the nilpotent subgroups of maximal order [35].
6.4. Non-solvable subsets. A natural variant of the statistics we have studied in
this paper replaces nilpotence with solvability. In this context we study the derived
length of a subgroup rather than its nilpotency class. Let G be a group and c an
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element of Z+ ∪ {∞}. If c ∈ Z+, then we define G to be c-solvable if G is solvable
with derived series of length c. We define G to be ∞-solvable if G is solvable.
A subset X of G is said to be non-c-solvable if, for any two distinct elements
x, y in X , 〈x, y〉 is a subgroup of G which is not c-solvable. Define βc(G) to be
the maximum order of a non-c-solvable set in G. One can study the behaviour of
βc(G) in much the same way as we have done here for ωc(G), as well as defining
the notion of a 2-minimal c-solvable cover in the obvious way.
In the case that c = 1, the two notions of c-solvability and c-nilpotency are
identical. At the other end of the spectrum, however, for large c, one might expect
significant difference in their behaviour. We might ask the same sort of question in
this connection as Question 6.11 above:
Question 6.12. Is it the case that, for all r ∈ Z+, there exists ℓ ∈ Z+ such that
if G is a finite group of Lie type of rank r, and if N is a solvable subgroup of G,
then the derived series of N has length less than ℓ?
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